GLOSSARY

variables
variable expression

the unknown

numerical value
to plug in numbers for the variables

to plug values into a function

to substitute values into formulae

to evaluate ... when x = ...
monomial
numerical coefficient

degree

variable part

constant term

like monomials

polynomial
term

degree

simplified polynomial

binomial

quadratic expression
distributive property
to simplify a variable expression

to multiply out brackets (or to expand brackets)
difference of two squares
squared brackets
factorising
common factor 
to take out common factors

factorise a quadratic

to complet the square

algebraic fraction (or rational expression)

proper fractions

improper fractions

to get a common denominator (to put fractions over a common denominator)
to cross-multiply
polynomial division

algebraic division

remainder

LESSON 4 Algebra: polynomials
Variable expressions
 
A variable expression consists of some numbers and letters joined by operations. The letters are called variables and they represent unknown quantities.

 
The numerical value of a variable expression is obtained by substituting actual numerical values for variables (that is "plugging in" numbers for the variables).

 
Examples:
Evaluate 9y + 5 when y = 2 

9·2 + 5 = 23 the numerical value is 23
 

Evaluate 
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 when x = 3 and z = – 2 


[image: image2.wmf](

)

20

4

24

3

12

2

3

4

-

=

+

-

=

+

-

×

×

 it is – 20.
 
Variable expressions are written for calculations involving quantities that can vary. Algebra is a language that uses variable expressions; the sentences of a problem must be transtaled into this language.

 
Examples: 
A number 




x

 


The double of a number 


2x
 


Three added to the square of a number 
3 + x2 

 


Half part of a number 
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Note: symbols for multiplication can often be omitted
Classwork:


Evaluate 
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and
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Classwork:


Exercises 1 and 4 page 97
Monomials (terms) and polynomials
 
A monomial is a collection of a numbers and some letters all multiplied together. The outcoming number is called the numerical coefficient, the letters are the variable part. The degree of a monomial is the number of letters of the variable part.

 
Numbers are thought as zero degree monomials, also called constant terms.

 
Examples:
3xyz

degree 3

coefficient 3



4z2x

degree 3

coefficient 4
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degree 2

coefficient 1/2
 


8

degree 0

coefficient 8

it is a constant term
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degree 1

coefficient 5/3
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degree 2

coefficient – 7 



– 6x

degree 1

coefficient – 6 
 



[image: image9.wmf]2

2

1

÷

ø

ö

ç

è

æ

x


degree 2

coefficient 1/4




[image: image10.wmf]3

7

x



degree 3

coefficient 7
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degree 2

coefficient 5/3
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degree 3

coefficient 8/3
 
Like monomials are those with the same variable part. 

 
Example: 
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  are like monomials

 
A polynomial is a variable expression that consist of a sum of one or several monomials. The degree of a polynomial is the greater of the degrees of its monomials. The monomials of a polynomial are also called terms.
 
Example: 
4x2 + 19xy + (– 3y3) + 12

has four terms: 4x2 , 19xy , – 3y3 and 12








their degrees are 2, 2, 3 and 0 respectively

 







so the polynomial’s degree is 3

 
A simplified polynomial does not contain any like terms. In such a polynomial we can easily spot the degree and a single constant term. The numerical coefficient of the biggest degree term is called in spanish “coeficiente principal”
Note: the terms in a variable expression are those parts that are separated by addition symbols ( + or – ) that is, the addends; the variable terms have got letters but the constant terms are just numbers without variable part; like terms are those terms that have the same variable part.
Note: a polynomial having two terms is called a binomial
Note: combining like terms by adding their numerical coefficients is called simplifying a variable expression.
Homework:


2 page 89
Multipying monomials

If a monomial is to be multiplied by a numerical multiplier, the coefficient alone is multiplied.
 
Examples:
5 · 3abc = 15abc




x · 2a = 2ax  
(note that the numerical factor is interchanged with literal factors)
Rule for multiplication of monomials: multiply the numerical coefficients and multiply the literal factors.
 
Example: 
2ab · 3a2 · 2b3  = 2·3·2 · a·a2 · b3=12a3b4
Dividing monomials
When the divisor is numerical, divide the coefficient of the dividend by the divisor.
 
Example:
6a : 3 = 2a

When the divisor contains literal parts that are also in the dividend, cancellation may be used.
 
Examples: 
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or else 
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Powers and roots of monomials

Apply power rules and surd rules.
 
Examples:
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Adding and substracting monomials

 
Only like terms can be added or substracted. To do so, distributive property must be applied.

 
Examples:
12a + 4a – 5a = (12 + 4 – 5)a = 11a

the three terms were added/substracted
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a term could not be added

 
Combining like terms by adding their numerical coefficients is called simplifying a variable expression.
 
Examples: 
Simplify 3x2 + 5x + 2xy + 2x2 – x 

We add like terms and get 5x2 + 4x + 2xy

 


Simplify 12a + 3 – 5a + 2

We add like terms and get 7a + 5
Homework:

10 page 98
Multiplying a polynomial by a monomial

 
The distributive property is used. Multiply each term of the polynomial by the monomial.
 
Examples:
9(3 + z) = (9 · 3) + (9 · z) = 27 + 9z
 


8(c – 5) = (8 · c) + [8 · (–5)] = 8c + (–40) = 8c – 40

 


4a(2 + b) = (4a · 2) + (4a · b) = 8a + 4ab 

 


7 + 4(a + 2b) = 7 + (4 · a) + (4 · 2b) = 7 + 4a + 8b
 


7t + 4t(9 + t) = 7t + (4t · 9) + (4t · t) = 7t + 36t + 4t2 = 42t + 4t2 
 


14 – 5(2s + 2) + 3s = 14 + (–5)·2s + (–5)·2 + 3s = 14 – 10s – 10 +3s = –7s + 4
Removing a common factor

 
The distributive property is used again but in the opposite way.
 
Take account of  which variables  are repeated in all the terms; look at the factors of the numerical coefficients and do the same. Write them apart (they are the common factor). Leave inside brackets the quotients of dividing each monomial by the common factor.
 
If the product were calculated, the original expression should be recovered.

 
Examples: 
x2y – xy2 = xy(x – y) 

and conversely
xy(x – y) = xy·x – xy·y = x2y – xy2 
 


3ax2 – 3ax = 3ax(x – 1)
and conversely
3ax(x –1) = 3ax·x –3ax·1 = 3ax2 – 3ax
Homework:

11a, 11b and 15 page 98
Adding and substracting polynomials
 
Addition is done by grouping like monomials. Substraction is done the same way, but changing signs on the substraend previously.

 
Examples:
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Multiplying polynomials
 
The distributive property is used. Multiply each term of one polynomial by each term of the other; simplify afterwards.

 
Examples:
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Homework:

12abe and 13c page 98 
Quadratics

We multiply binomials like this:
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(multiply out brackets)
 
We apply the following rules to multiply binomials in special cases:
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(squared brackets)
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(difference of two squares)

You can easily proof they are right by multiplying out brackets and cancelling.


Examples:
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Homework:

14adf and 18ad page 98
Polynomial division
 
We can proceed exactly like with natural numbers division. To get each new term of the quotient we must divide the highest degree monomial of the dividend by the highest degree monomial of the divisor.
 
Examples:
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   is the remainder
Ruffini’s rule
 
It is only suitable when divisor is the type (x-a). You have to build a box and write the coefficients of the dividend in decreasing order of degree, without forgetting the zero coefficients. The number “a” is written out of the box, to the left. The first coefficient is placed below the box and the algorithm starts (multiply by “a”, place the product on the next column, add that column, place the sum below the box and repeat all the steps again). The numbers below the box are the quotient coefficients, and the last of them is the remainder:
 
Examples:



[image: image74.wmf](

)

(

)

7

:

4

2

2

3

4

-

-

+

-

+

x

x

x

x

x


 

         |
1
2
– 1
   1
  – 4


         |


      7 |

7
63
434
3045




1
9
62
435
|3041

is the remainder





[image: image75.wmf]435

62

9

2

3

+

+

+

x

x

x



is the quotient
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is the quotient
Homework:

Do the following algebraic divisions:
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Repeat the first of them using Ruffini’s rule.
Factorising polynomials
 
Factorising is the opposite of multiplying out brackets. That is to write a polynomial as a product of two or several lower degree polynomials.

 
Computing factors of polynomials can be done:



- by removing common factors

 

- by means of different formulae (like “difference of two squares” or “squared brackets”

 

- by enchained divisions using Ruffini’s rule (where the remainder is required to be zero)

 

- by solving equations (to be explained further)
 
The method of dividing by binomials like (x – a) is based on the same reasoning we use to factorise a number in prime factors: 480=25·3·5


480
|  2


 




240
|  2








120
|  2








  60
|  2








  30
|  2








  15
|  3








    5
|  5


Examples:
x2 + 3x = x (x + 3)




(removing a common factor)
 


x2 – 25 = x2 – 52 = (x + 5)(x – 5)


(“difference of two squares”)
 


4 x2 + 12x + 9= (2x)2 + 2(2x)3 + 32 = (2x + 3) 2
(applying “squared brackets”)




x2 – 8x + 16 = x2 – 2x4 + 42 = (x – 4) 2

(applying “squared brackets”)
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(both methods)
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(dividing with Ruffini’s rule)
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so 
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(dividing with Ruffini’s rule)
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so 
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Homework:

Factorise:
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Algebraic fractions

The quotient of two polynomials is called an algebraic fraction (or a rational expression). They can be operated like numerical fractions.
 
They can be simplyfied by cancelling a common factor on the numerator and on the denominator.
 
Examples:
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Multiplying and dividing algebraic fractions

To multiply several algebraic fractions you must multiply the numerators to get the numerator and multiply the denominators to get the denominator.

 
To divide two algebraic fractions the rule is to cross-multiply.
 
Examples:
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Homework:

2 page 95
Getting a common denominator of several algebraic fractions

First calculate the L.C.M. (lower common multiplier) of the denominators.


Change each fraction into another equivalent one whose denominator is the L.C.M. To do so, divide the L.C.M. by the denominator and multiply by the numerator.
Adding or substracting algebraic fractions

Always get a common denominator and then add/substract numerators only.

 
Examples:
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Homework:

23efg page 99

Factorising and cancelling

Factorisation is useful to spot common factors before cancelling in rational expressions.
 
Examples:
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Classwork:
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